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Supervised learning

o Data: unknown distribution D over X x ), and an i.i.d. sample

S ={(Xi,Yi)}ie, ~ D"

Hypothesis class: H of predictors h : X — ).

Loss function: £: Y x Y — R,.

True risk (population):
R(h) = E(x y)~p [((M(X),Y)].

o Empirical risk (training):
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Example: binary classification

o X =R%,Y=1{0,1}and h: R? — {0,1}.
@ 0-1loss: {(h(x),y) = 1{h(z) # y}.

@ True risk (test error):
R() = Pxyyun ((X) £ V).

o Empirical risk (training error):

Rs(h) = - S 1{h(X) £ Vi),
i=1
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Example: regression

e X=R*Y=Randh:R% > R.
e Squared loss: /(h(z),y) = (h(x) —y)2.
@ True risk (population MSE):

R(h) = E(x,y)~p [(M(X) = Y)?].

o Empirical risk (training MSE):

3\'—‘

-5
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Empirical Risk Minimization (ERM)

@ We observe a training sample S = {(X,;,Y;)}, ~ D".
@ For a hypothesis h € H, define the empirical risk

~ 1<
Rs(h) == ) L(h(X;),Y;).
s(h) =~ g (h(X2),Y3)
@ ERM principle: choose a predictor that minimizes the training loss:
h in Rs(h).
€ arghmelqrile( )

o Main question: when does minimizing Rg(h) also lead to small true risk

R(h) = E(x y)~p [((M(X),Y)] ?
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From ERM to uniform convergence

Define the ERM solution: hg € arg minpcy ﬁs(h).

Define the best-in-class predictor: h* € argming ey R(h).
@ We want to study the excess risk of ERM:

IP[R(ES) — jnf R(h) > s] .

Using a standard inequality:

]P’{R(izs) = jnf R(h) > e} < Phg%\R(h) — Rs(h)| > 2} .

Our goal: to control the highlighted probability.
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A simplification step

o For each h € H define Z;(h) := ((h(X;),Y;), where (X;,Y;) are i.i.d.
o Then

= %ZZZ(h) and R(h) =E[Z(h)].
i=1

o From now on: we ignore the ML interpretation and focus on concentration of
empirical processes:
1 n
sup |— Z Zi(h) — E[Z1(n)]] .
her | M i
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Baby steps: single hypothesis

@ To begin from the basics, assume # contains only one hypothesis h (so there is
no supy,cy, yet).
@ Then we only need to control

n

S Zi(h) — E[Z: (1)

i=1

1
n

@ In this setting, classical inequalities give high-probability bounds. For example,

-]
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Baby steps: single hypothesis

@ To begin from the basics, assume # contains only one hypothesis h (so there is
no supy,cy, yet).
@ Then we only need to control

n

S Zi(h) — E[Z: (1)

1
n
i=1

@ In this setting, classical inequalities give high-probability bounds. For example,

<1z": 2u(h)] >t> Var(Zy(h))

ntz
by Chebyshev, if Var(Z;(h)) < oco.
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Chernoff bound

o Aslightly less well-known (but extremely useful) tool is the Chernoff bound.

e Forany A > 0 and any random variable W,
PW >t) =P(e*W > M) <eME[e*]  (Markovon ).
o We apply it with

W = Z (Zi(h) — E[Zy(R)]),
i=1

which yields the explicit bound
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Chernoff bound

@ Using independence,

E [eXp (A Z(Zi(h) - ]E[Zl(h)])>] = H Elexp(A(Zi(h) — E[Z1(R)]))] -

o Since the Z;(h)’s are i.i.d.,

n

[ Elexp(\(Zi(h) — E[Z: (b)) = (E {eMZl(h)—E[zl(h)])} )"
i=1

@ Therefore,
P(iwz«m “EZM0) = t> < exp(—At) (E[erBm-Bz0D] )"

o Key point: everything reduces to bounding the...
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Chernoff bound

@ Using independence,

E lexp (A Z(Zi(h) - ]E[Zl(h)])ﬂ - H Elexp(A(Zi(h) — E[Z1(h)]))] .

o Since the Z;(h)’s are i.i.d.,

n

[ Elexp(\(Zi(h) — E[Z: (b)) = (E {eMZl(h)—E[zl(h)])} )"
i=1

@ Therefore,
P(iwz«m “EZM0) = t> < exp(—At) (E[erBm-Bz0D] )"

o Key point: everything reduces to bounding the.. MGF ]E[e)‘(zl(h)*E[Zl(h)D].
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Chernoff bound: example

@ Assume that for some o2 > 0,

20.2

E[exp(A(Z1(h) — E[Z1(h)]))] < exp< ) forall A € R.

o Plugging this into the previous bound gives, for any A > 0,

]P(Z(Zi(h) ~EIZ(1) 2 t) < e+ T,

i=1

o Optimize over A (take \* = #) to obtain

n 2
1}»<Z(zi(h) —E[Z(n) = t) S exp (‘ 2202) '

=1

@ In terms of the empirical mean,

P(iZZi(h) —E[Z1(h)] > 5) < eXp(;;) |
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Chernoff bound: takeaway

o If this MGF satisfies, for some 02 > 0 and all A € R,

Efexp(M(21 — E[Z.]))] < eXp<)\22a2) ,

then for any € > 0,

P 1iz E[Z)]>¢) <e ne?
— P — > <exp|—=— ).
n = ! P 202

@ Inverting the bound: for any ¢ € (0, 1), with probability at least 1 — 4,

12 :Zi—]E[Zl] <o M.
n
i=1

n

o Interpretation: with high probability (1 — §), the gap is at most

0+/2log(1/6)/n, shrinking as n grows.
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Subgaussian distributions

o The MGF condition we used before is a very convenient way to express
Gaussian-like tails.

@ Arandom variable Z is called subgaussian if there exists 02 > 0 such that, for
all A e R,

Blexp(\(2 ~ E(2)] < exp( 277 )

@ This assumption is useful because it immediately implies concentration for
empirical means:

1 & ne?
P(ngzi —E[Z] > e> < exp<—202) .

@ Many common variables are subgaussian (often after centering), e.g.:
o Gaussian N (p,0?),
e bounded variables Z € [a, 1],
e sums/averages of independent subgaussians.
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Hoeffding’s inequality

@ Previously, we saw that an MGF bound implies strong concentration.

@ A particularly important case is when the variables are bounded, since then we
get an MGF bound for free.

o Let Zy,..., Z, be independent with Z; € [a, b] almost surely. Then, for any

e >0,
1 — —92ne?
Pl — Z. — E|Z{] > < — .
(157212 ) o 25)

p( ) <2ep( 7220,

o Equivalently,

1 n
— E Z; — E[Z4]
n

i=1
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Back to many hypotheses

o Now we return to the case 1 < |H| < oo and aim to control

=320 ~ BlZi (0]

sup
heH

o Assume bounded losses; then by Hoeffding, for a fixed h,
—2ne?

@ Using the union bound,
—2ng?
P sup >e §2’Hexp< )
(heH > 1 (b—a)?

LS Zi) ~ Bl ()]
i=1

n

L3 Z() — E(Zy(0)

n -
=1
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Back to many hypotheses

@ From the union bound + Hoeffding, for any £ > 0,

—2ne?
P| sup >e| <2/H exp().
<heH ) Mo\ 5oy
@ Invert the bound: set the right-hand side equal to ¢ and solve for .
e Forany ¢ € (0,1), with probability at least 1 — 4,

n

23" Z,(h) — Bl (1)

n <
i=1

S(b,a) M

v 2n

heH

S AR

n-f
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Back to many hypotheses

@ From the union bound + Hoeffding, for any £ > 0,

—2ne?
P| sup >e| <2/H exp().
<heH ) Mo\ 5oy
@ Invert the bound: set the right-hand side equal to ¢ and solve for .
e Forany ¢ € (0,1), with probability at least 1 — 4,

n

23" Z,(h) — Bl (1)

n <
i=1

S(b,a) M

v 2n

heH

S AR

n-f

@ But: this still does not solve our original problem, since in most ML settings H is
infinite (e.g., linear predictors, neural networks), so we need more refined
notions of complexity!
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Next step: McDiarmid’s inequality

@ To handle possibly infinite, we will apply concentration to suitable functions
of the sample; a key tool is McDiarmid’s inequality.

o Bounded differences property: let X;, ..., X,, be independent and
f: X" — R. We say f has bounded differences with constants cy, .. ., ¢, if for
every i and for any two samples x, 2’ € X" that differ only in coordinate 4,

|f(x1,...,1:n)—f(z’l,...,x'n)| <g;.
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Next step: McDiarmid’s inequality

@ To handle possibly infinite, we will apply concentration to suitable functions
of the sample; a key tool is McDiarmid’s inequality.

o Bounded differences property: let X;, ..., X,, be independent and
f: X" — R. We say f has bounded differences with constants cy, .. ., ¢, if for
every i and for any two samples x, 2’ € X" that differ only in coordinate 4,

|f(x1,...,:£n)—f(z’l,...,x'n)| <g;.

@ McDiarmid: if f has bounded differences and X1, ..., X,, are independent,
then for any t > 0,

IP’(f(Xl, X)) —E[f(X1,. ., Xn)] > t) < exp<£j62> ,
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How to pplying McDiarmid

o Consider the function of the sample

AR A

n -
=1

®(S) = sup
heH

o If losses are bounded, Z;(h) € [a, b], then changing a single example in S
changes ®(.5) by at most

C; =

o Therefore ® satisfies the bounded differences property:
2t? 2nt?
P(®(S) — E[® >t) < ——— | = o ).
() - E10(5] 2 ) < e~ 5) =o( 2 )

@ So, with probability at least 1 — 4,

O(S) <E[®(9)]+ (b—a) W.

26/02/2026




How to pplying McDiarmid

@ McDiarmid gives concentration around the mean:

(S) < E[®(S)] + (b a) % wp. >1-45,

o This does not fully solve the problem yet, because...
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How to pplying McDiarmid

@ McDiarmid gives concentration around the mean:

log(1/d
®(S) < E[®(S)] + (b — a) %ﬂ” wp. >1-4.
o This does not fully solve the problem yet, because...we introduced a new
quantity:
1 n
E[O(S)] = E|sup |~ S Zi(h) — B[Z1(h) ] .
her | i

@ Question: How do we bound this quantity? We will see one approach for
classification problems.
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Back to the finite hypothesis again

o Assume H is finite and Z;(h) € [a,b] forall h € H.

@ Define

W)= 3 Zilh) — ElZa ()

@ Boundedness implies an MGF bound (Hoeffding):

Efexp(tW (h))] < exp(t d

) forallt >0, h e H,

b— 2
where we can take 0? = b—af .
an

e Now we prove an inequality for E[ maxycy W (h)].
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Back to the finite hypothesis again

o For any t > 0, by convexity of exp and Jensen’s inequality,

oo 15 g 0] ) < s (emgrrn).

@ Moreover,

E t h —F twWh) | < | tW(h) | « o*/2
{exp( I&aﬁw( ))] [r}{leaqi(e < ’;{e <|H|e

o Taking log gives
log |[H| = to?
+ .
t 2

E [rhneag W(h)] <

o Choosing t = \/2log |H|/c yields
]E{max W(h)} < ov/2log [H].

heH
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Reducing to the finite case: symmetrization

@ Goal: control probabilities when H may be infinite.
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Reducing to the finite case: symmetrization

@ Goal: control probabilities when H may be infinite.

o Introduce an independent ghost sample S’ = {(X/,Y/)}? ; and the
corresponding Z!(h) := ¢(h(X]),Y/).

o Since E[Z](h)] = E[Z;(h)], we can rewrite the expectation as

NCAOE E[%)DH -

E|sup

heH
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Reducing to the finite case: symmetrization

Goal: control probabilities when H may be infinite.

Introduce an independent ghost sample S’ = {(X/,Y/)}_; and the
corresponding Z!(h) := ¢(h(X]),Y/).

o Since E[Z](h)] = E[Z;(h)], we can rewrite the expectation as
1 n
E|sup |- Zi(h) —E[Z!(h :
sup |3 (2(0) ~ i )1)H

Applying Jensen to pull the expectation inside and using independence of .S’
gives the symmetrization bound

@ This transforms the problem into controlling the behavior of H on finite
samples (no population expectation).
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Reducing to the finite case: growth function

@ From symmetrization, the key quantity depends on how H behaves on a finite
sample.

o In binary classification, we can measure this via the growth function (also
called the shattering coefficient).

o For afixed set of inputs 21, ..., 2, € Z, define the set of labelings induced by H:
() = {(zl(h),...,zn(h)) he 7—[} c {0,1}"

@ The growth function is the maximum number of distinct labelings over all
samples of size n:

IIy(n) == sup |H(z)| < 2™
21y..,2n €Z

o Key point: even if H is infinite, I15;(n) is a finite number that captures the
complexity of H on finite samples.
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Reducing to the finite case: growth function

o For a fixed set of inputs 21, ..., z, € Z, define the set of labelings induced by H:

(D) = {(zl(h),...,zn(h)) - he ’H} C {0,1}".

@ The growth function is the maximum number of distinct labelings over all
samples of size n:

Iy (n) := sup€Z|H(zf)| < 2™,
Z1y-+43%n
24. .Zz
° °

7 7
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From maximal inequality to a growth-function bound

@ In binary classification with 0-1 loss, we have Z;(h) € [0, 1].
o Applying the maximal inequality with |H(2]")] in place of |H| and then taking
the worst case over samples yields a bound in terms of the growth function

@ Concretely,

23" Z,(h) — B2, (1)

n -
=1

log [Ty.(n)

E|sup .
n

heH
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Application: uniform deviation of the CDF

o Let Z;(h) := 1{X; < h} € {0,1}, then

1 n
sup | ; Zi(h) —E[Z1(h)]| = sup |Fu(h) = F(h)],

is the uniform deviation between the empirical CDF F}, and the true CDF F.
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Application: uniform deviation of the CDF

o Let Z;(h) := 1{X; < h} € {0,1}, then

— sup |[Fy(h) — F(R)],
heR

sup
heR

LS 7(n) — B[z4 (1)

n-

is the uniform deviation between the empirical CDF F}, and the true CDF F.
@ We have shown that for any ¢ € (0, 1), with probability at least 1 — 4,

sup |F (h) = F(h)| < \/logn*‘(n) + \/log(l/‘”

heR n 2n
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Application: uniform deviation of the CDF

@ We have shown that for any § € (0, 1), with probability at least 1 — 4,

sup () — P < B [los(L/6)

heR n 2n

Z1 Z3 Z3 Za Zs Zg Z7 Zg
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Application: uniform deviation of the CDF

o Let Z;(h) := 1{X; < h} € {0,1}, then

nZZ Z1(h)]

a uniform deviation between the empirical CDF F}, and the true CDF F.
@ We have shown that for any ¢ € (0, 1), with probability at least 1 — 4,

sup‘F (h)’ < \/logHH(n) + \/log(l/é)

heR n 2n

sup
heR

= sup | F,(h) — F(h)],
heR

@ The class of half-intervals satisfies Iy (n) < n + 1, and therefore

1 log(1
sup‘F |_\/ogn—|— )+\/0g( /%) wp. >1—

heR n 2n

o Interpretation: a Glivenko-Cantelli-type guarantee with an explicit
high-probability rate.
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Main techniques recap

@ Chernoff bound: turns tail probabilities into controlling a MGF; in many cases
the MGF is bounded by a Gaussian-type condition (subgaussian assumption).

o Hoeffding’s inequality: a sharp concentration result for bounded random
variables.

@ McDiarmid’s inequality: controls deviations of functions with bounded
differences; useful for infinite suprema by applying it to ®(.S) = sup; <y (-),
at the cost of introducing E[®(S)].

e Symmetrization: a key tool to bound E[®(S)] by rewriting it in terms of a
ghost sample and reducing population expectations to behavior on finite
samples.

e Binary classification: on a fixed sample, only finitely many labelings are
possible; studying these via the growth function (and VC dimension bounds)
yields explicit generalization guarantees.
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What we did not cover

o Bernstein/Bennett inequalities: variance-sensitive bounds that can be much
tighter than Hoeffding when Var(Z) is small.
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What we did not cover

o Bernstein/Bennett inequalities: variance-sensitive bounds that can be much
tighter than Hoeffding when Var(Z) is small.

o Rademacher complexity: after symmetrization, a standard way to control
E[®(S)] for general (non-binary) losses by measuring how well H correlates
with random signs.
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What we did not cover

o Bernstein/Bennett inequalities: variance-sensitive bounds that can be much
tighter than Hoeffding when Var(Z) is small.

o Rademacher complexity: after symmetrization, a standard way to control
E[®(S)] for general (non-binary) losses by measuring how well H correlates
with random signs.

o e-nets and covering numbers: discretize an infinite hypothesis class by an
e-cover under a suitable metric, then combine union bounds with metric entropy
to obtain uniform deviation bounds.
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Spectral norm of a sub-gaussian matrix

o Theorem. Let A € R™*™ have independent, mean-zero, sub-gaussian entries
A;;. Let K = max; j || Aijl|y,. Then for any ¢t > 0,

4] < CK(vVm+Vn+t) with probability at least 1 — 2¢ ™"
Key identity:

1Al = sup — (Az,y) = sup  (Az,y).
lella=1, llylla=1 weSn1, yesm1

it suffices to control (Ax,y) uniformly over the two spheres.
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Spectral norm of a sub-gaussian matrix

@ Proof sketch (3 steps):
@ Approximation (net): take ¢ = 1 and build nets N € S"~', M C 5™ ! with
|IN| <97, |M| < 9™, and use

JA] < 2 max (Aay).

zEN, yeM
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Spectral norm of a sub-gaussian matrix

@ Proof sketch (3 steps):
@ Approximation (net): take ¢ = 1 and build nets N € S"~', M C 5™ ! with
|IN| <97, |M| < 9™, and use

JA] < 2 max (Aay).

zEN, yeM

@ Concentration (fixed net points): for fixed z € N,y € M, (Ax,y) is
sub-gaussian and

P((Az,y) > u) < Qexp(—cu2/K2).
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Spectral norm of a sub-gaussian matrix

@ Proof sketch (3 steps):
@ Approximation (net): take ¢ = 1 and build nets N € S"~', M C 5™ ! with
|IN| <97, |M| < 9™, and use

JA] < 2 max (Aay).

zEN, yeM

@ Concentration (fixed net points): for fixed z € N,y € M, (Ax,y) is
sub-gaussian and

P((Az,y) > u) < Qexp( — cu2/K2).
© Union bound (over the net): apply a union bound over N x M and choose
u=CK(y/n++/m+t)toget

IP’( max (Az,y) > u) < 267t27 = P(]|A] >2u) < 27"
zeN, yeM
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