Learning Conditional Expectation Operators
via a Functional Newton Method
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Motivation: dependence beyond marginals

We want to capture the joint behaviour of (X, Y) beyond marginals.

Assuming Px y < Px ® Py, the Radon—Nikodym derivative

dPx.y
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K(x,y) =
encodes all information about dependence.

It admits an SVD-like decomposition
r(x,y) = 1+ 0idf(x) 97 (v),
i=1

with {¢*} C L2(Px), {#*} C L?(Py) orthonormal.



Why x matters: one object, many tasks

Conditional expectation operator

E(@)0) = Ele(V) | X =x] = [ gly)xx.y) o) .
Knowing x gives us E, and thus:

e Regression: g(y) =y = E(g)(x)=E[Y | X =x]
e Conditional CDF: gi(y) = 1{y <t} = E(g:)(x) =P(Y <t[X=x)
e Independence testing: X L Y <— k=1

Goal: learn a truncated rank-d decomposition of «.



The learning problem

Look for a rank-d model
ke p(X,y) = 14+ 0(x)TY(y), ¢: X—RY ¢ Y—RY,
minimising the L?(Px ® Py) error
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Key simplification. Expanding the square,

Ik = £,0]1* = |61 +l56,0|Bror, — 2Ercary [5(X, Y) kg (X, V)]
~——

const

The cross term collapses because k = dPx y/d(Px ® Py):
Epcapy [K(X, Y) kg4 (X, Y)] = Epyy [Kg,0(X, Y)].
Hence (up to a constant)

L(¢,%) = Epyapy [Kou(X, Y)?] = 2Ep, , [Keu(X, Y)].

We never need to know x — only samples from Px y and the marginals.



The idea: functional gradient descent

We minimise L(¢,) directly over functions ¢ € L?(Px)?, ¢ € L2(Py)?.

Inspired by gradient boosting (Friedman, 2001): instead of fitting parameters of a fixed
model, build ¢, iteratively as functions, each step moving along the functional gradient of L.

Our twist. L turns out to be quadratic in each block:

e the pointwise Hessians w.r.t. ¢(x) and v¢)(y) are constant matrices (X, X);
e so we can do functional Newton instead of plain functional gradient steps;

e Newton's step has a closed form = no inner line search, no learning rate to tune.



Gateaux derivative + Riesz: what is a “functional gradient”?

The objective L : L2(Px)? x L?(Py)? — R is a function on a Hilbert space, not on R".

Gateaux derivative. The directional derivative of L at (¢,) in direction h € L2(Px)?:

DyL(6, WA = lim. L(¢+fhvi)—L(¢>, ¥)

For our L, the map h > DyL(¢,)[h] is linear and continuous.

Riesz representation. Every bounded linear functional on a Hilbert space H is an inner
product with a unique vector. So there exists a unique VL(¢, 1) € L2(Px)? with

DyL(¢,)[h] = (h, VoL($,9))i2(pye = Epy [H(X)TVL(¢,%)(X)] .

= VL is a function of x, the right object to subtract from ¢ in a (functional)
Newton/gradient step.



Functional calculus: gradients and Hessians

Work in ¢ € L?(Px)4, v € L2(Py)?. Define
my(x) = E[(Y)-E[p(Y)] | X=x], X, =Ep, [p(Y)e(Y)'],
and symmetrically mg, 4.
Gateaux gradients
Vl(¢,9)(x) = 2%y ¢(x) —=2my(x),  VyL(d,9)(y) = 2% %(y) = 2my(y).
Diagonal Hessians are constant multiplication operators:
Visl=2%y,  Vo,L=2%,.

= Newton steps are available in closed form.



Estimating m4, m, from samples

The Newton step

VHA) =T myly),  ma(y) =E[e(X) —E[¢(X)]| Y =]
needs the conditional expectation mg — an unknown function.
Plug-in via regression. Treating it as a multi-output supervised problem:
o targets t; = ¢(X;) — + >; #(X;) € R?
e fit any regressor r: Y — RY on {(Y;, )},
o my(y) = r(y)

Boosting analogy. Refit a fresh regressor each iteration on updated ¢-residuals — exactly the
gradient-boosting recipe, but in the functional Newton direction.

Our implementation: sklearn base learner (default: shallow decision tree). Linear, kernel, or neural
regressors plug in without changing the algorithm.



The FSNM algorithm

Algorithm 1 Functional Spectral-Newton Method (FSNM)
Require: initial ¢, 1)o; step sizes 14,1, € (0, 1]; iterations T
1: fort=0,..., T —1do

2 Pera(y) & (L= ny) Yely) + 10 Ty s mg.e(y)

3 Gern(x) & (1= 1) $e(x) + 115 Ty 1 My, e41(x)

4: end for

Ensure: (¢7,v¢7)

e Block coordinate Newton: invert the (small d x d) Hessian blocks X4, ¥.
e 77 =1 = pure Newton; 7 < 1 = relaxed / boosting-style.



FSNM as relaxed best-response & convergence

Best response. Stationarity gives the exact block minimisers
W(Qb) = Z;Imgﬁa ¢*(¢1) = Zilmiba
so each FSNM update is a convex combination towards them: ©;11 — 1y = 0y (V*(01) — V).

Contraction. Block-quadratic loss = exact per-step decrease

L(pe, ¥r) — L(Bes1, Yrs1) = my(2 — 1y) G;’b +n4(2 —ny) thz)a
where G, = 1||X~1/2VL||? are Mahalanobis gaps to the best response.
4

Theorem (asymptotic stationarity)
If M < X4+, % ¢ = Al uniformly, then for any n € (0,1]

G Gl =0, [[VLIe =0, [[¥er1— el [es1 — ¢l — 0.
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Experiments: setup

Four benchmark distributions (analytical E[Y | X] and P (Y < t | X)):

LinearStudentT: heteroscedastic Student-t with X-dependent location/scale/df.
e EconDensity: Y = X?+¢, ¢ ~ N(0,02(1 + X)?).

GaussianMixture: 5-component bivariate mixture (multimodal Y | X).

e SkewNormal: bivariate skew-normal via a shared half-normal factor.

FSNM configuration. N = 10000, d = 3, ng = 1y = 0.1, decision-tree base learners
(max_depth=00, min_samples_leaf=200), canonicalisation each step, early stopping on

gradient plateau.
Downstream metrics (lower is better):

e Regression MSE: E[Y | X] from kg vs. analytical truth.
e CDF MSE: P(Y < 0| X) from k4 vs. analytical truth.
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titative results

Distribution Regression MSE ~ CDF MSE (t=0)
LinearStudentT 0.025 0.0012
EconDensity 0.667 0.0009
GaussianMixture 0.012 0.0014
SkewNormal 0.020 0.0012
Objective L(g, y) Gradient norms (before each update) IVwL|/ |V oL]
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Loss decreases monotonically (contraction lemma).
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Experiments: oracle vs learned «(x, y)

Oracle (x,y) Learned Kg, (X, y)
LinearStudentT LinearStudentT

LinearStudentT: oracle x(x,y) = p(x,y)/(p(x)p(y)) vs. learned Zy,». FSNM captures the saddle

structure (high s at (=X, £Y) corners, k ~ 1 along the dashed independence boundary).
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Experiments: qualitative recovery

GaussianMixture (multimodal Y | X) EconDensity (Y = X? + ¢)

Regression — gaussianmixture (MSE=0.0139) Regression — econdensity (MSE=0.6402)
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Top: E[Y | X = x]. Bottom: P(Y < 0| X = x). Estimates from & (orange) vs. analytical truth
(black). 14



e Problem. Learn rank-d truncation of the Radon-Nikodym x = dPx y/d(Px ® Py) — a
single object underlying regression, conditional CDFs, and independence testing.

e Method. FSNM: block functional Newton with closed-form d x d Hessian inverses; each
step = relaxed move towards the exact best response.

e Theory. Monotone descent, exact contraction identities, asymptotic stationarity under
uniform spectral control of ¥4, ¥ .

e Application. Plug-in T, + permutation calibration = finite-sample valid independence
test.

Thank you!  Questions?
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