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Chapter 1

Stochastic Calculus

For background on stochastic calculus and Langevin diffusions, see [Sarkka and Solin, 2019] and
[Chewi, 2024].
We start with a diffusion process in R%. Let

da(t) = f(x(t),t) dt + L(z(t),t) dB(t),

where f: (z,t) — RY, L : (x,t) — R™? and B(t) is a standard d-dimensional Brownian motion.
Throughout, the functions are assumed sufficiently regular so that the expressions below are well-
defined.

1.1 Ito0 Formula and the Generator

The first object we need is the differential of an observable along the stochastic dynamics. This
leads directly to the infinitesimal generator, which records the deterministic drift of the observable.

Proposition 1 (It6 formula for the observable). Let ¢ : (x,t) — R be sufficiently reqular. Then
d9(e(t1.1) = | Viola(t).0) + V.o(e (0.0 f(@(o).0

+ %tr { <VmV;¢(az(t),t)> L(w(t),t)L(a:(t),t)T} } dt
+ Vao(x(t),t) " L(x(t),t) dB(t).

Proof. By It6’s chain rule,
do(@(1),t) = Vip(@(1),t) dt + Vad(@(1),t) " da(t) + %dw(t)Tvicb(m(t), t) da(t).

Substituting
dz(t) = f(x(t),t) dt + L(x(t),t) dB(t)

and using the formal It algebra
dB(t)dt =0, dtdB(t)=0, dB(t)dB(t)" = dt,
gives the claimed expression. O

The generator is the operator that appears after the martingale part of It6’s formula vanishes
under conditional expectation.



Definition 1 (Generator). The time-dependent infinitesimal generator As is defined by

Elp(z(s +9),s+9) | (s)] — p(x(s), s)
5 ;

A0 = lim
S(b 0—0
whenever this limit exists.

Proposition 2 (Expression for the generator). For the diffusion above,

Ao = Vaoo(2(3), 5) + Voo (z(s), 5) f(x(s), s) + %tr { (vzv;qﬁ(x(s), s)) L(x(s), s)L(z(s), S)T} .

Proof. Integrating It6’s formula from s to ¢, we get
o(x(t),t) — p(x(s), s) =/ [Vrd>(fc(7“)ﬂ“) + Vad(a(r),r) f(2(r),r)
+ % tr { (va;rqﬁ(w(r), r)) L(x(r),r)L(x(r), r)T} ] dr

+ /t Veo(x(r),r)" L(z(r),r) dB(r).
The stochastic integral
M= [ Vaotalr)n Lia(r).r) dBO)
is a martingale under the usual square-integrability assumptions. Therefore
E[M;—Ms | Fs]=0.
Since x(s) is Fs-measurable, the tower property implies
E[M;— M, | (s)] =E[E[M; — M, | Fs] | (s)] =0.
Thus, for t = s+ 6,
Elp(z(s +9),s+0) | (s)] — p(x(s), s)
= Vol 9) + Va(a(s), ) S(a(s).o

+ %tr { (VIVIQb(iB(S), S)) L(x(s),s)L(x(s), S)T} ] 5+ 0(52)'

Dividing by § and taking § — 0 gives the result.

1.2 Semigroups and Evolution Equations

The generator is naturally connected with the Markov semigroup. In this notation, we write

Ps1(¢) == Elo(x(t), 1) | =(s)].

Then the generator can also be written as

IERT PS,S+5(¢) — P&S(‘b)
Ao = 5
Proposition 3 (Backward equation). For s < t,

d

%Ps,t((b) = Ps,tAt¢'



Proof. Using the semigroup property,

b ~P
P tAt¢ = P;;lim t’t+5(¢) t,t(¢)
7 7 6—0 5

Py Py yys(¢) — Ps i Pri(9)

= lim
6—0

1)
~ lim Py ty5(¢) — Ps ()
6—0 )

d
== @Ps,t((ﬁ)‘

In the time-homogeneous case,

Ps,t¢ = Po,t—s¢ = P_s0.
The generator no longer depends on the initial time:

A = lim Ps(¢) g Po(¢)

Proposition 4 (Commutation with the semigroup). In the time-homogeneous case,

d
PAd = Al = -

Pio.
S Pio

This is the Kolmogorov backward equation.

Proof. We compute directly:

Similarly,
AP, = yg% Ps(Py(¢)) g Py(FPi(9)) _ %Ptqﬁ.

Formally, this resembles a homogeneous linear ODE. Therefore,
Pip = APy = 4.

In this sense, knowing the generator determines the dynamics.



1.3 Forward Equation and Adjoint Generator

There is also a dual point of view, where the semigroup acts on the law of the process instead of
on observables. Let Q;(dx) be the law of x(¢). Then

| Poato)@ Qulaz) = [ o@) Qutia).
Proposition 5 (Forward equation). The law @ satisfies
d R
SQi=AQ.
where Af is the adjoint of Ay.

Proof. Differentiating the duality relation gives

5 [ Preto)) Qulde) = [ £ Puu6)@) Qulaa)

Hence,

4 [o@ et = (. 50.)

/At (x) Q¢(dx)

Atgbv Qt>
- <¢7 At Qt> .

Since this holds for every sufficiently regular ¢, we obtain

d .
@Qt = At Qt-

O
Proposition 6 (Adjoint generator). Suppose that Qi(dx) = pi(x)dx, and define
D(x,t) = L(zx,t)L(x,t)".
Assuming that the boundary terms vanish,
* 1
Aipi(@) = =] (f(@, Opil@) + 5t {VVT (D(@, hpi()) }
Proof. By integration by parts,
[ Ao @ Qi) = [ V.0@) 1@ (@) da
) Z/DU 2,100, ()1 () do
i,j=1
- / H@)V] (f(w, pu(w)) da
T Z /¢ Onia; (Dij(, t)pi () dex.
zg 1
The expression multiplying ¢ is precisely Ajp;. O



Chapter 2

Functional Analytic Background

2.1 Reproducing Kernel Hilbert Spaces

We say that a symmetric function K : X x X — R is a positive semidefinite kernel if, for any finite
set of points {x1,...,2,} C X, the matrix

K= (K(mz, a;]))m

t,j=1
is positive semidefinite. Equivalently, for every a = (aq,...,a,) € R™,
Z aja; K xz,xj ) > 0.
i,j=1

Definition 2 (Positive semidefinite kernel). A symmetric function K : X x X — R is called positive
semidefinite if, for every finite set {x1,...,xpm} C X, the Gram matriz

(K (2, 25)) =1
is positive semidefinite.
The kernel K induces an inner product on a space of functions. For each = € X, define

D, : X =R, O, (2) = K(z, 2).

Let
Ho = span{®, : x € X'}.
For
A B
f = Zai(pxiv g = b](bx;7
i=1 =1
we define

(.9) =Z Zaz (zi,25)



By symmetry of K, it also follows that

A
(f,9)Ho = Y aig(w).
i=1

If the kernel is only positive semidefinite, this inner product may have nonzero elements with
zero norm. In that case, one first quotients by the null space and then completes the resulting pre-
Hilbert space. The completion is a Hilbert space #, called the reproducing kernel Hilbert space
associated with K.

Theorem 1. Let K : X x X — R be a positive semidefinite kernel. Then there exists a unique
Hilbert space H of functions on X such that, for every x € X, K(x,-) € H, and for every f € H,

flx) = {f, K(z,-)n.

In particular,
(K(z,),K(z,"))n = K(z, 2), r,z € X.

Two fundamental properties follow from the construction. First,
(P, @)y = K(z,2).

Second, for f = Y2 a;®,, € Ho,

By continuity, this identity extends to every h € H:

h(x) - <h7 K(x7 ))'H

This is called the reproducing property.

The importance of this construction is that it allows us to replace inner products in a possibly
high-dimensional feature space by evaluations of the kernel. To see this, consider first ridge regres-
sion in Euclidean space. Given data (z;,y;);,, collected in a design matrix X and a vector Y,
ridge regression solves

0, = arg mein Y — X063 + \||6]]3.

The solution is
.= (XX +AI)'XTY.

Using the identity
XTUXXT4+A)=(XTX + X)X T,

we obtain
(XTX+AD)IXT=XT(XXT + D)L,

Therefore, the fitted values can be written as

X0, =XXT(XXT + )ty



This expression depends on the data only through the Gram matrix

XX = ((wi,25))

n
t,j=1"

This suggests replacing Euclidean inner products by kernel evaluations. In the RKHS setting,
we consider the regularized empirical risk

fo = argmin 3 (i — F(@)” + Al I
fen i
Equivalently,

.= in||Y — £(X)|5 + A fI3,
fo = argmin [[¥ — f(X) [z + Al fll3

where

FX) = (f@1),os flaa)

Theorem 2 (Representer theorem). Let H be the RKHS associated with K : X x X — R, let
Tl,...,Tp €X, let
L:R" =R

be an arbitrary loss function depending only on the values of f at the sample points, and let
Q2:[0,00) =R
be a strictly increasing function. If the optimization problem

J+ € argmin {L(f(@1),.., fzn) + QI fll20)}

has a minimizer, then every minimizer belongs to the finite-dimensional subspace generated by the
kernel sections at the data points:

fx € span{K(x;,-):i=1,...,n}.

Equivalently, there exist coefficients a1, ..., a, such that
n
fe(z) = ZaiK(fL‘i, x).
i=1
Let

H) = span{K(z;,-) :i=1,...,n}.
Every f € H can be decomposed as
f=[f+fL
where f| € H| and f, L H. Then, for every sample point z;,
Ji(ws) = (fL, K(zi,))n = 0.

Therefore,
f(@i) = fiy(xi).
Moreover, by Pythagoras,
£, = 115+ 1AL, = 11 15

Hence the minimizer belongs to H;. Thus,
n
falz) = Z a; K (x;, )
i=1

8



for some coefficients aq, ..., a,.

Define
K = (K(zi,24)){ j=1, ke = (K(x1,2),..., K(xp, ac))—r
If .
@)= aik ()
i=1

then

f(z)=a"k,
In particular, on the training data,

f(X) =Ka.

Also,

n
||f”%—£ = Z aja; K (zi,x5) = o' Ka.

ij=1

Therefore, the RKHS optimization problem becomes
arg min ||Y — Ka||3 + \a' Ka.
acR"”
Differentiating gives
(K+X)a =Y,

and hence
a, = (K+ )\I)_lY.

Thus the learned function is
fo(2) =Ka =k (K+ X))~y

This is useful, because we are solving an optimization problem over a possibly infinite dimensional
Hilbert Space only using information of K.

2.2 Spectral and Resolvent Theory

The generator of a diffusion is typically an unbounded operator. For this reason, we need a small
amount of spectral theory for unbounded operators, their domains, adjoints, and resolvents. The
reference point for this part is [Davies, 1995].

The main point to keep in mind is that an unbounded differential expression, such as a Laplacian
or a Langevin generator, does not define an operator until we specify the space on which it acts
and its domain. In the applications below the ambient space will typically be a weighted space

@) ={r:x R [ P i) < o}
where 7 is an invariant probability measure. The first-order Sobolev space associated with 7 is
HY(X) = {f € L2(X) : Vf € L2(X:RY) }.
Its natural norm is
11 = 17122 + VA1 = /X (@) 2 m(da) + /X IV £ (@) (da),

Here V f is understood in the weak sense.



For a generator A that is non-positive and symmetric in £2, we will also use the energy space

Wi = {1+ 11 = nllF 122 = CAS, ez < oo}

For overdamped Langevin dynamics, this becomes the weighted Sobolev norm

1
115y = ull FllZ2 + /B/X IV £ (@)]* m(dx).

Thus, the energy norm combines the equilibrium size of an observable with the Dirichlet energy of
its gradient. This is precisely the geometry used later to learn the resolvent without evaluating it
directly.

Definition 3. A linear operator on a Hilbert space H is a pair consisting of a dense linear subspace
L CH and a linear map A : L — H. We denote by Dom(A) = L the domain of the operator A.

Example 1. Let H = £2[0,1] and consider the differential expression Af = —f". This expression
becomes an operator only after a domain is chosen. In the informal notation used above, two natural
choices are

Lp ={f€C?0,1]: f(0) = f(1) = 0}
and
Ly ={feC?0,1]: f'(0) = f'(1) = 0}.
Thus Apf = —f" on Lp, while Anf = —f" on Ly. For the closed Hilbert-space operators, these
domains are usually completed in Sobolev spaces. Recall that H¥(0,1) is the space of functions

whose weak derivatives up to order k belong to £2(0,1), and H(0,1) is the closure of C=°(0,1) in
H'(0,1). With this notation, the closed Dirichlet domain is

Dom(Ap) = H?(0,1) N H{(0,1),
and the closed Neumann domain is
Dom(Ay) = {f € H(0,1) : /(0) = f'(1) = 0}.

Both operators act as —f", but they encode different boundary conditions and therefore have dif-
ferent spectra. This example is the basic model for why domains cannot be treated as a technical
afterthought.

Definition 4. A linear operator A on H is bounded if
[AS]

Al = sup < 00,
feDom(A), 20 I f]l

A complex number A is an eigenvalue of an operator A if there exists a non-zero f € Dom(A)
such that Af = \f.

Definition 5. Let A be a linear operator on H with domain Dom(A) = L. A complex number z
does not lie in the spectrum Spec(A) if the operator (z — A) maps L one-to-one onto H, and the
inverse operator

R(z,A) = (z— A)_1
1s bounded.

Definition 6. We say that an operator A with dense domain L in a Hilbert space H is symmetric

if, for all f,g € L,

10



Definition 7. If A is a linear operator on a Hilbert space H, then the adjoint operator A* is
determined by

(Af,9)n = (f, A"g)n

for all f € Dom(A) and g € Dom(A*). More precisely, Dom(A*) is the set of all g € H for which
there exists k € H such that

(Af,9)n = (f k)n

for all f € Dom(A), in which case A*g = k.
We say that A is self-adjoint if A is symmetric and Dom(A) = Dom(A*).

Example 2. By integration by parts,

/01 —f"g = —[f'glo + /1 f'g
—[f'glo + [fd'lo / fq".

This computation shows why boundary conditions are part of the definition of the operator. The do-
mains Lp and Ly, or their Sobolev closures, should be checked carefully when identifying Dom(A*)
and deciding whether the resulting operator is self-adjoint.

For the Dirichlet operator Ap, the condition f(0) = f(1) = 0 kills the [fg'|} term. The remain-
ing boundary term —[f'g]S vanishes for all admissible f exactly when g(0) = g(1) = 0. Hence

Dom(A%,) = H?(0,1) N H}(0,1) = Dom(Ap).

For the Neumann operator Ay, the condition f'(0) = f'(1) = 0 kills the [f'g)} term. The remaining
boundary term [fg']y vanishes for all admissible f evactly when g'(0) = ¢’(1) = 0. Hence

Dom(A}) = {g € H(0,1) : ¢'(0) = ¢/(1) = 0} = Dom(Ay).

Thus, with these Sobolev domains, both Ap and Ay are self-adjoint. If one starts from the smaller
C?-domains Lp and Ly, the integration-by-parts computation still identifies the boundary con-
ditions, but the adjoint naturally lives in the larger Sobolev space H?(0,1). In that sense, the
self-adjoint operators are the closed realizations of the original differential expression.

Theorem 3. The spectrum of any self-adjoint operator A is real and non-empty. If z ¢ R, then
IR(z, Al = [I(z = A)~H] < [Im(2)[
which implies that the resolvent operator is bounded.

A key point for the learning problem is that the largest eigenvalues of the resolvent correspond
to the eigenvalues of the generator closest to zero. These are precisely the slow modes of the
dynamics, which makes low-rank approximation of the resolvent physically relevant.

Theorem 4. Let ‘H be a Hilbert space, and let A be a compact self-adjoint operator. Then there
exists a complete orthonormal basis of H composed of eigenfunctions of A.

Suppose that

Let
R(p, A) = (pI — A)~!

11



Then 1; is also an eigenfunction of R(u, A). Indeed,

= i = vi(ul — A,
= i = vi(p — \i)i.

Thus,
1

T

Vi

The next result explains why the resolvent can be approximated through its leading spectral
components.

Theorem 5 (Eckart—Young—Mirsky Theorem). Let A : Hi — Ha be a compact operator between
Hilbert spaces with singular value decomposition

A= E o; U; @ g,
i>1

where {v;} C H1 and {u;} C Ha are orthonormal sets, and (0;); are the singular values of A, which
satisfy
op>092>---20.

Foralld>1,
d

Ag = ZWW@W
i=1
satisfies
[A— A4l = min_[[A-B].
rank(B)<d

Moreover, if 04 > 0441, then Ag is the unique minimizer.

For a compact self-adjoint operator, the singular values are the absolute values of the eigenvalues.
In the case of the Langevin generator below, the resolvent R(u,A) is compact, self-adjoint, and
positive, so its singular values are exactly its eigenvalues v; = (1 — A\;)~!. Therefore, applying the
Eckart—Young—Mirsky theorem to the resolvent means truncating the spectral expansion of R(u, A).
Through the relation \; = p —v;” ! this keeps precisely the generator modes whose eigenvalues are
closest to zero, i.e. the slow modes.

Let A : Dom(A) C ‘H — H be self-adjoint and non-positive, and assume that A has compact
resolvent. For p > 0, define

R(p, A) = (ul — A)~".

This is the situation for the Langevin generator we discuss later. Under this convention, modes
with \; close to zero decay slowly, while very negative eigenvalues correspond to fast modes. Work-
ing with R(u, A) instead of A has the following advantages:

e A may be unbounded and defined only on Dom(A) C H, whereas R(u, A) is bounded and
defined on all of H. Moreover,

1
R(u, A)|| < —.
[ R, Al .

e R(u,A) is compact, self-adjoint, and positive. Hence, it admits finite-rank approximations
and the spectral theory of compact operators applies.

12



e A and R(u,A) have the same eigenfunctions. Indeed, if

Ay = A,
then 1
R(H,A)@bz - Viwiv Vi = - )\i7
and 1
/\i = MU — —.
Vi

e Under this non-positivity assumption, 0 < v; < 1/u. Thus, eigenvalues of A close to zero
are mapped to the largest eigenvalues of R(u, A), while increasingly negative eigenvalues are
mapped close to zero.

e Since R(u, A) is positive,
oi(R(p, A)) = vi.

Therefore, the leading singular components of R(u, A) correspond to the eigenvalues of A
closest to zero. By the Eckart—Young—Mirsky theorem, a low-rank approximation of R(u, A)
recovers precisely this leading spectral subspace.

Hence, the resolvent preserves the spectral information of A, while transforming the problem
into the approximation of a bounded compact operator.

13



Chapter 3

Learning Conditional Expectation
Operator

3.1 Conditional Mean Embedding

TODO: dar uma ref
In Section we introduced reproducing kernel Hilbert spaces. The idea is that, given a set
X and a positive definite kernel K : X x X — R, we can associate to K a Hilbert space H and a

feature map
DX —H, x> &, = K(z,),

such that
K(z,2z) = (®g, P, )%.

Moreover, for every h € H, we have the reproducing property
h(z) = (h, o).

Now suppose that (X,Y) € X x Y is distributed according to Px,y, and suppose that we have
kernels Kx and Ky on X and ), with corresponding RKHSs Hx and Hy. Denote their feature
maps by

¢, = Kx(z,-) € Hx, U, = Ky(y,-) € Hy.

The question is how to represent statistics of the distribution Px y in this Hilbert space represen-
tation. For example, if f € Hy, how can we express Ex [f(X)]? More generally, if g € Hy, how
can we express the conditional expectation

EY|X:$ lg(Y)]?

The kernel mean embedding of the marginal distribution Px is defined as the expectation of
the feature map:
Ux = Ex [‘IDX] € Hx.

Then, for every f € Hx, by the reproducing property,
(fv HX>'HX = <f7 EX [(I)X]>7'lx

= Ex [(f, ®x)2y]
= Ex [f(X)].

Hence, the expectation of any function f € Hx can be written as an inner product in Hx with the
mean embedding px.

14



We can also represent functions on the product space X x ) using tensor product RKHSs. If
heHx ®Hy,
then the feature map on X x ) is given by
(z,y) = ©, @V,

and the reproducing property becomes

h((L‘, y) = <h’a q)x b2y \Ily>'Hx®Hy'

Thus, tensor products allow us to represent functions of both variables (x,y) in a Hilbert space
associated with the joint space X x ).

We now apply the same idea to conditional expectations. We want to find an element py |, € Hy
such that, for every g € Hy,

<gaNY\x>HY = EY|X:m [g(Y)].

Using the reproducing property in Hy, we have
Ey | x=2 [9(Y)] = By | x=2 {9, Yy )7y ]
= <ga EY|X:ac [\IJYDHY :

Therefore, it is natural to define the conditional mean embedding by

By |z = By | x=2 [Vy] € Hy.

With this definition,
Ey | x=2 [9(Y)] = (9, by | 2) #y -

It remains to represent the dependence of uy |, on x. For this, we introduce a conditional
embedding operator
Uy | X : Hx — Hy

such that
Ky |z = UY|X(I)Q:-

To define this operator, we first introduce covariance operators in RKHS. Define
Cxx =Ex[®x ® ®x], Cyx =Exy [¥y ® x].

Here, ®x ® ®x is an operator from Hyx to Hyx, while ¥y ® ®x is an operator from Hyx to Hy.
Recall that if a € Hy and b € Hx, then the tensor product

a®b
defines a rank-one linear operator from Hx to Hy by

(a®b)f = alb, f)ry, feHtx.

Thus, the second element b is used to test the input function f through the inner product, while
the first element a gives the direction of the resulting vector.
In particular, for f' € Hx,

(Px @ Px)f = Px(Px, [ )ry-

15



By the reproducing property,
(@x, [y = F1(X).
Therefore,
(Px @ ®x)f = Px f'(X).
Taking expectation gives
Cxxf' =Ex [(2x ® ¢x)['] = Ex [2x f'(X)].
Now, taking the inner product with f € Hx, we obtain
<f7 CXXf/>HX = <f7 EX [(I)Xf/(X)] >HX

= Ex [(f, ®x)ny f'(X)]
=Ex [f(X)f'(X)].

Thus, C'x x satisfies
(f,Cxx MYy =Ex [f(X)f(X)] .
Similarly, ¥y ® ®x defines an operator from Hx to Hy. For f € Hx,

(Uy @ @x)f = Uy (Px, f)ay-

Again, by the reproducing property,

<(I)X7f>7-lx = f(X)

Hence,
(Vy ® ox)f = Uy f(X).

Taking expectation gives

Cyxf=Exy|[(Vy®®x)f] =Exy [Vyf(X)].

Now, taking the inner product with g € Hy, we get

(9: Cyx finy = (9:Exy [Wy f(X)])g,
= Ex,y [(9, Uy )n, f(X)]
— Exy [9(V)F(X)].
Therefore, Cy x satisfies
(9. Cyx finy = Exy [g(Y)f(X)].

These identities show that Cxx represents second-order information about X in Hx, while
Cyx represents the interaction between X and Y through the two RKHSs.

We now derive the expression for the conditional embedding operator. The defining property
of conditional expectation gives, for f € Hx and g € Hy,

Exy [f(X)g(Y)] = Ex [f(X)Ey | x [g(V)]] -
Using the conditional mean embedding,

Ey | x [9(Y)] = (9, by | x) 2y -

If /’LY|X = UY|X¢X7 then
Ey x [9(Y)] = (9, Uy | xPx)#, -

16



Therefore,

Ex,y [f(X)g(Y)] =Ex [f(X)(g,Uy | xPx)2y |
= EX [<f7 (I)X>HX<97UY|X(I)X>HY] .

Using the adjoint operator Uy X Hy — Hx, we have

(9, Uy | x®x)ny = <U;\X97 Dx )2 -

Hence,

Exy [F(X)g(Y)] = Ex [(f, 2x)ox (U7 | x9 )ty |
Ex |F(X)(UF | x9. @) |

= Ex |[(Up | x9 F(O)@x )70y |

= (U | x9:Ex [f(X)®x])u

= (Uy | x9: Oxx[)rx

= (9, Uy | xCxx )y

On the other hand, by the definition of Cy x,
Exy [f(X)g(Y)] = (9, Cyx [)ny-
Since this holds for every g € Hy, we obtain
Cyxf=Uy xCxx/f.

Since this holds for every f € Hx, we have

Cyx =Uy | xCxx.
Formally, if C'xx is invertible, this gives

Uy|x = CyxCxx-

Therefore,
1y | = Uy | x®z = CyxCxy ®a.

In practice, C'x x may not be invertible, so one usually uses a regularized version:

py |» = Cyx(Cxx + )@,

where A > 0 is a regularization parameter.
In practice, the operators C'xx and Cyx are unknown, since they depend on the distribution
Px y. Given a sample
{(@i, yi) ey ~ Pxy,

we estimate them by
R 1 n R 1 n
Cxx = n;émi@@x“ Cyx = n;\yyi@@mr
1= 1=

The empirical regularized estimator of the conditional mean embedding is then

ﬁY|$ = ayx(axx + )\IHX)_I@I.
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Although this expression is written in terms of operators on RKHSs, it can be computed using
only Gram matrices. Define

n
& :R" > Hy, &q = Zai%,
=1

and

n
TR Hy, Wa:=) aTy,
i=1

Their adjoints satisfy
f(x1) 9(y1)

e f=|( :+ |, ¥g=| :
f(zn) 9(yn)
With this notation,
Cxx = %<I><I>*, Cyx = %\1@*.

Therefore,

~ 1o (1 -
fiy |z = —¥® (@@ +)\IHX> P,
n n

= U (BD* +nAly, ) ' ®,.
We now use the identity
O (BD* +nA\ly, ) ' = (®*® +n\l,) ' &*

Indeed, this follows from
(PP* + 1A\, )P =S (PP +n)l,),

together with the fact that nA > 0. Hence,

fiy |, =¥ (®*® +n\l,) " &*O,.

Let
K:=®"® c Rnxnj Kij = Kx(xi,l'j),
and define
Kx(xl,x)
ky = ®*®, = :
Kx(xp,x)
Then

fiy |z = W(K + nAlL,) kg

Equivalently, if
az) == (K 4+ n\l,)  ky,,

then

//ZY\ac = Zal('r)qjyz = Zai(x)KY(yi, )
=1 =1

Thus, the conditional distribution of Y given X = x is represented empirically by a weighted
combination of the output features associated with the observed values y1, ..., yn.
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For any g € Hy, we estimate the conditional expectation by

o —

By | x=z [9(Y)] := (9, liy | o)y

= <gv Z O‘i(x)qjyi>
=1 Hy

= ai(@)g(y)-

=1

Therefore, once the weights «(x) are computed, the conditional expectation of g(Y') given X = z
is estimated by a weighted average of the observed values g(y;).
In summary, the theoretical expression

fy |z = Cyx(Cxx + My ) @,

leads to the empirical estimator
n
y o= ai(@)Ty,  al@)=(K+n\) k.
i=1

Thus, conditional mean embeddings can be estimated using only kernel evaluations and the solution
of a regularized linear system.

19



Chapter 4

Learning Langevin Generators

4.1 Langevin Generators and Energy Geometry

The main object of our study is the overdamped time-homogeneous Langevin dynamics

da(t) = —V,U(x) dt + /28~ 1dB(t),

where U : RY — R is sufficiently regular and 8 > 0.
The general formula for the generator and the adjoint now gives the following specialization.

Proposition 7 (Generator and stationary density). For every sufficiently regular spatial observable
¢ : R = R, the infinitesimal generator is

Ap = (—=VU,V¢) + B Ag.
Moreover, if py is the density of x(t), then
Ap(x) = -V (—VU(ZU)pt(ZU) + B_1th(ac)) )
The stationary density is
e~ BU(x)

(@) =

where Zg is the normalizing constant.

Proof. The expression for A follows from the general diffusion generator by taking f = —VU and
L = /287'. The formula for A* is the corresponding Fokker-Planck operator (Proposition @ If
m is stationary, then A*m = 0, hence

VT (-VU(z)r(z) + B~ 'Vnr(z)) = 0.
The zero-flux solution satisfies
~VU(z)m(x) + 8~ 'Vr(x) =0,
or equivalently

Vw(a:).
m(x)

—BVU(x) =

Integrating this identity gives 7(x) = e_ﬂU(m)/Zﬁ. O

The next lemma rewrites the generator in the geometry of its stationary measure. This is the
computation that explains both the symmetry of A and the sign of its spectrum.
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Lemma 1 (Dirichlet form of the Langevin generator). Let m(x) = Zgle*BU(m). For smooth test
functions ¢, ¢ for which boundary terms vanish,

_ LT
AQZS_ Bﬂ_v (ﬂ-v¢)a

and

1
(A6 $)es =~ [ V6TV,
In particular, A is symmetric and non-positive on this class of functions.

Proof. Since

_1Vnrm
we have
Ao 1va’ — _vyT L
BTFV (Vo) = 3 r V¢+BA¢ vU ng)—i-ﬁAqb Ado.

Therefore, integrating by parts,

[Aser= [ 39 @vo)e

= —;/quTngr.

The same expression with ¢ and ¢ exchanged gives symmetry. Taking ¢ = ¢ gives

(Ap, $) 2 = —;/nwu% <.

Remark 1. We have shwon that

1 _+ _
EV (Vo) = Ag.

therefore,

ZAM (i, @) p2 = Ag(x) = ;eﬁU(x)CZC (6—5U(x)¢/(x)>

Taking ¢ = 1,
d
o—BU() ), _ —BU(z)
Brie Oy (@) = — (V)
which can be written as
(—mvf) = —BAimi,
which is a Sturm-Liouville Problem [Bakry et al., 2014, Sec. 2.6].

The lemma is initially a computation on test functions. To obtain the operator used in spectral
theory, define

- {qﬁ €L2:Voe ai(Rd)}

This Sobolev space is the natural form domain of the Langevin generator. The Dirichlet form is
the bilinear energy obtained by closing the integration by parts identity on this domain: it measures
the gradient part of the H} norm and represents —(A¢, @) 2

E(b ) = ; / Vo Ve,
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When U is sufficiently regular and confining, this form is closed on H'. The self-adjoint realization
of A is the operator associated with —&: ¢ belongs to Dom(A) if there exists h € £2 such that

—E(¢,0) = (h, o)z forall p e Hy,

and then A¢ = h. On smooth functions in this domain, this abstract operator coincides with the
differential expression above.

Under these assumptions, and when the resolvent is compact, the spectral theorem allows us to
write

i
for some orthonormal basis {1;}; C £2. Since A is non-positive, all eigenvalues satisfy \; < 0, and
Ap = Niti(ti, d) 2.
i

Given any observable ¢, let
Pp=> ai(t)y;

[]Sil’lg the Kolmogorov ba.CkWaI'd equal iOH,
—P¢p = AP
It t t®,

hence

D ai ()i =Y Niai(t) (Wi, i) c2
=3 Niai(t),
s0, a;(t) = e*a;(0) and since Py¢p = ¢ = > a;(0)tp;, we have that

ai(t) = eN'($, i)z

Therefore, if we know the spectral decomposition of A, then
Pbip = Z (B, i) g2
i

This connection between Markov diffusion generators, Dirichlet forms, and the associated
Sobolev geometry is standard; see [Bakry et al., 2014] for the functional-analytic background.

4.2 General Framework for Learning the Generator

We assume we have a Langevin process and a sample z1,...,x, ~ 7, where 7 is the stationary
distribution of the process.
The target object is the generator A, but A is unbounded. Therefore, we work with the shifted
resolvent
R(p, A) = (ul — -’4)_17 p >0,

and keep this convention throughout. If Avy; = A\j1);, then

1 1
5 )‘l = MK
Aiw =

v

where v; denotes the corresponding resolvent eigenvalue.
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The natural space for this resolvent regression problem is the energy space
2
Wi ={o €Ly |dlwe < oo},

with inner product

(D, @)y = (B, p) 2 — (AP, @) 2.

TODO: talk about lax milgran For overdamped Langevin dynamics this becomes

(6, Phs = 1l Q)2 + ; /X Vo(z)TVi(x) n(dz).

This inner product is useful because it can be estimated from samples using only function values
and gradients of the chosen features.

We want to learn the eigenpairs (A;,1);) associated with the spectral decomposition of the
resolvent operator R(u, A).

Since learning the full operator is infinite-dimensional, we restrict the problem to learning how
R(p,.A) acts on a finite-dimensional family of functions

¢ € F :=span{zg, 21, .-, 2m},

where z; : X — R and z; € WE.
Define the operator

m
Z:R™N S WE Zu=) iz
i=0
Then any function ¢ € F can be written as
b= Zu

for some vector v € R™*!. Thus, we want to learn R(u,.A)Zu. Since we still want to represent the
image of the operator as a function in F, we seek a matrix G € R(m+1)x(m+1) guch that

R(p, A)Zu ~ ZGu.
A natural loss would be something like:
[1R(u, A)Z — ZG|y -

However, we do not know how to evaluate R(u,.A)Z pointwise. The key observation behind the
energy formulation of [Kostic et al., 2024] is the following: the unknown resolvent term can be
replaced by quantities that are computable from inner products.

An important property of this inner product is that, for sufficiently regular functions, as shown
in the previous section,

(6, hwp = (0, )2 — (Ad, ©) 2
= (1 = A)p, )2
= <R(:Ua A)_1¢, 30>£$r'

Therefore,

(R(s1, A)o, o)y

= (R, A" R(p, A, 0) 12
= <¢7 30>£$r .
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That is, if we change the geometry of the space using this inner product, the action of the
resolvent over functions simplifies. Indeed, consider the Hilbert—Schmidt loss

R(G) = |R(p, A)Z — ZGH?{S(R’”“,W{{)'
Expanding the squared norm gives

R(G) = | R(u, A Z |G + 112G s

If S, T : R™*t — W are Hilbert—Schmidt operators and {e; }7Lg is the standard basis of R+
then

m

(S, T ugRmt1 ) = Z<S€ja Tej)ype =tr {(S™T)}.
=0

The adjoint operator
Z* W — R
is characterized by
<Zu7 ¢>W# = <u7 Z*¢>Rm+17
and is explicitly given by
<ZOa ¢>W#
7% = :
<Zm7 ¢>W#

Define the matrices
W =272 and C:=Z"R(u, A)Z.

Their entries follow by testing the operators on the canonical basis. Since Ze; = z;,
Wij = eZTWej = GZTZ*ZGJ' = <Z€i7Z€j>W[{ = <ZinJ>WZI'
Similarly,
Cij = eiTC’ej
=¢] Z*R(u, A)Ze;
= (R(u, A)zj, zi)wyg
= (25, zi) c2 = (i, %j) 2,
where the last equality uses the energy identity.

For Langevin dynamics,

Wij =Exn /LZZ(X)ZJ(X) + ;V,Zl(X)TVZ](X) ,

whereas

Cij = EX~7r [ZZ(X)Z](X)] .

The second term of the loss satisfies
1ZGfs = tr {((Z2G)*2G)}
~u{(¢Tz°z6)}
—u{(cTwa)}.
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For the cross term, using the Hilbert—Schmidt inner product and then the energy identity,

(R(p, A)Z, ZG)yg =

Ms

((R(,u, .A)Z) €j, (ZG) €j>W[{

<.
Il
o

I
NE

<R< A)Zej, ZG€j>W

R ,u, ZJ, Z (Z Gijei) >
=0 wm

“w

<.
Il
o

[
NE

<.
Il
=)

Ms

Gij (R(p, A)zjs i)y
0

&
.
I

I

Gij (zj» Zi) 2
0

.

5]

GijCij
0

w{(ae)}-

TKG):HRQ@AMH@S+tr{OfWVG)}—2&{<GTC>}.

Since the first term does not depend on G, minimizing R(G) is equivalent to solving

ap o ()} e (e ).

If W is invertible, the first-order optimality condition is

.

|

5]

f_/H

Hence,

WG =C,

and therefore
G=w"lC.

Now, suppose that Gu = vu for some u € R™*!. Then

R(p, A)Zu ~ ZGu = vZu.

Therefore, ¥ = Zu is an approximate eigenfunction of the resolvent. Recovering the eigenpairs of
R(u,.A) then gives the corresponding eigenfunctions of A, with eigenvalues transformed through
the resolvent relation described above.

4.2.1 Using RKHS representation

In the RKHS formulation of [Kostic et al., 2024], the dictionary functions z; are chosen from a
reproducing kernel Hilbert space [Mohri et al., 2012]. This provides a controlled finite-dimensional
approximation of the resolvent and allows one to state statistical guarantees for the estimated
spectral quantities. Let H be an RKHS with kernel k and feature map ® : X — H, so that

An important assumption is not merely % C £2, but rather

H C WE,
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so that the features have finite energy.
Concretely, every ¢ € H, viewed as a function on X', must satisfy

1613 = pll¢llZe — (Ad, )z < oo.

For overdamped Langevin dynamics, this is the requirement that both the £2 norm of ¢ and the
weighted gradient energy ﬁlequHQE% are finite.

TODO: fazer com mais detalhes

Denote by

Zy:H— W

the canonical injection.

This means that Z,, is the inclusion map: for h € H, Z,,h is the same function h, but regarded
as an element of the energy space WY.

In this setting, the population covariance operators are

W,=2,2,=S;(ul — A)Sx, C =55,
where S, : H — £2 is the canonical inclusion. The identity

ZR(p, A)Z, =C

is the RKHS analogue of the finite-dimensional identity used above. Given empirical estimates Wu
and C, and a regularization parameter v > 0, define

W\ury = WM + pvyl.
The full-rank regularized estimator is the kernel ridge estimator
Gy =W AC.
The reduced-rank estimator imposes rank(G) < r. It is obtained by truncating the singular value
decomposition:
G, = W2 [W2r2])

where [[-]]; denotes the rank-r truncated SVD. This is the infinite-dimensional version of replacing
G = W~IC by a low-rank operator that keeps only the leading resolvent modes.

4.2.2 Using Neural Network representation

In [Kostic et al., |, neural networks are used to learn the functions z;. In this parameterization, the
target approximation has the form
R(M,A) ~ Z@D@Z;.

This direction connects generator learning with representation learning and with settings where
only biased samples or black-box feedback are available.
Here Zg : R™t! — W is defined by neural features

m
Zou = Z uizf,
i=0

and Dy is a diagonal matrix representing the leading resolvent eigenvalues. The neural network is
trained so that the span of {zf i, approximates the leading invariant subspace of the resolvent.
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The population objective mirrors the Hilbert—Schmidt loss used above:
* (|2 2 * 2
La(0) = |R(p, A) = ZoDo Zg sy — 1B (s Allas oy + a1 Zg Zo — 1[Fp -

The first term asks the neural features to span a good low-rank approximation of the resolvent. The
subtraction removes a constant independent of . The last term, controlled by a > 0, encourages
the learned features to be orthonormal in the energy geometry.

As in the finite-dimensional derivation, the loss can be rewritten using only matrices of inner

products. Define
Wg = Z;Zg, Cg = Z;R(/L,A)Zg.

The energy identity turns Cp into an £2-covariance matrix, whereas Wy is the Sobolev energy covari-
ance matrix involving both values and gradients of the neural features. Therefore the computable
loss has the schematic form

L(0) = tl"{((DgWg)Q)} —2tr {(DyCy)} + || Wy — IH%

If the samples come from a biased distribution, the same matrices are estimated with the appropriate
importance weights. This is the bridge between the matrix problem G = W~!C and the neural
representation-learning objective: the finite dictionary is replaced by a trainable dictionary, but
the geometry and the resolvent identity are the same.

4.3 Worked Example: Double-Well Potential
As a concrete one-dimensional example, consider the double-well potential:
Ur) = H(z* —1)% U'(z) = 4Hx (2 — 1), r €R.

The corresponding overdamped Langevin dynamics is
2 2
dX; = —4HX (X7 —1)dt + 3 dB;.

The potential has two global minima at 2 = —1 and x = 1, where U(—1) = U(1) = 0, and a
local maximum at x = 0, where U(0) = H. Thus H is the energy barrier between the two wells,
while the dimensionless quantity SH determines how difficult it is for the diffusion to move from
one well to the other. This geometry is illustrated in fig.

The computational illustrations in this section are generated from direct stationary samples and
Euler-Maruyama simulations of this one-dimensional system.
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Double-well potential
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Figure 4.1: Double-well potential U(x) = H(x?—1)2. The two minima correspond to the metastable
wells, and the barrier at x = 0 has height H.

The invariant distribution is

1
m(dx) = Z—ﬁe_ﬁH(IQ—D2 dx,

where Zg is the normalizing constant. This density is bimodal, with one mode near each minimum
of the potential. When SH is large, most of the mass is concentrated near —1 and 1, and transitions
between the two wells become rare. Figure compares this stationary density for two values of
BH.

Invariant density of the double-well dynamics

1.6 I t
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Figure 4.2: Invariant densities for two values of SH. Increasing SH concentrates the mass near the
wells and makes the density near the barrier smaller.

Computationally, this example should exhibit two distinct time scales. On short time scales,

a trajectory quickly relaxes toward the closest well. On much longer time scales, the trajectory
occasionally crosses the barrier and switches wells. The slow spectral modes of the generator should
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therefore capture the metastable transition between the two regions. The simulated trajectories in
fig. [4.3] show this contrast.

single trajectory recorded positions
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X_t, beta H
density
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ﬁ 2‘2'0 .
3 0 2
2 15
|
<
05 y
= 0.0
0 25 5 75 100 125 150 175 200 T2 -1 0 1 2
time X

Figure 4.3: Euler-Maruyama simulations for two barrier regimes. For smaller SH, the trajectory
moves between wells on the simulated time window. For larger SH, a single trajectory may remain
trapped in one well even though the invariant density is bimodal.

For smooth observables ¢ : R — R, the generator is

Ag(x) = —4Hz(z? - 1)¢/ (x) + f71¢" (x).

The constant function is the eigenfunction associated with the eigenvalue A\g = 0. The first non-
trivial eigenfunction is expected to separate the two wells: it changes sign between the left and
right modes and has an eigenvalue close to zero when the barrier is high. Higher eigenfunctions
describe faster fluctuations inside the wells.

To apply the finite-dimensional method, choose a dictionary consisting of the constant feature
zo(z) = 1 and Gaussian radial features

2(z) = exp <—M> i=1,...,m,

202
with centers ¢; equally spaced over [—2,2]. Given samples z1,...,z, ~ 7, estimate the matrices
1 n
Cij = > zi(wn)zi(an)
k=1
and
= 1 1, ,
Wij = — > pzi(ae) 2 (zn) + Ezi(fﬂk)zj(fﬂk) :
k=1

The empirical resolvent estimator is then
G=w"'C,
or its regularized analogue when W is ill-conditioned. If @uz = D;u;, then

m

~ ~ 1
1[)1' = Z(uz)]zj and )\z = — 5
j=0 ’
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give approximate eigenfunctions and eigenvalues of the Langevin generator. In the numerical
experiment below, we take H = 1, 8 = 2, and therefore SH = 2. This lower effective barrier
is deliberate: it makes the stationary sample cover both wells, instead of being dominated by the
mixing difficulty of a single long trajectory. Concretely, we used n = 8000 representative points
obtained from inverse-CDF quantiles of 7, rather than samples from one simulated path. The
leading non-constant eigenfunction then reveals the transition coordinate between the two wells.
The corresponding estimated eigenvalues are reported in table and the leading eigenfunctions

are shown in fig.

mode ¢ resolvent eigenvalue J;  generator eigenvalue \;

0 1.0000 0.0000

1 0.8148 -0.2273
2 0.1969 -4.0783
3 0.1162 -7.6041

4 0.0772 -11.9517
) 0.0548 -17.2475
6 0.0412 -23.3012
7 0.0322 -30.0395

Table 4.1: Estimated spectral values for the finite-dimensional resolvent approximation with H = 1,

=2 BH =2, 4=1, and a representative stationary sample of size n = 8000. The generator

eigenvalues are recovered through \; = p — ﬁ_l.

Leading generator eigenfunctions from the resolvent estimator

mode 0: lambda=-0.000 mode 1: lambda=-0.227 mode 2: lambda=-4.078
10— ~ j
0.5
0.0 /\ /-\

o / / \

-1.0

rescaled eigenfunction

mode 3: lambda=-7.604 mode 4: lambda=-11.952 mode 5: lambda=-17.247

1.0

0.5

0o r\/\/\\

\ - \/\V/\

-0.5

rescaled eigenfunction
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-2 -1 0 1 2 -2 -1 0 1 -1 0 1 2
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Figure 4.4: First six eigenfunctions obtained from the finite-dimensional resolvent approximation
for SH = 2. The gray density in each panel shows the stationary distribution used to construct the
representative sample. The constant eigenfunction corresponds to A9 = 0, while mode 1 separates
the two wells and represents the slow transition coordinate.

Finally, we can repeat the same stationary-sample procedure for several values of the effective

barrier SH. In this comparison, H = 1 is kept fixed and 8 = BH is varied. For each value, the
sample used by the algorithm is constructed directly from the stationary density by inverse-CDF
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quantiles. This avoids confusing the spectral estimate with the poor mixing of a single trajectory
at large SH.

What changes when the effective barrier beta H increases

Slow eigenfunction Transition time
1.0 = betaH=1
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Figure 4.5: Effect of increasing the effective barrier SH. Left: the first non-constant eigenfunction
becomes the slow coordinate separating the two wells. Right: the associated transition time 71 =
1/(—=A1) increases rapidly.

This sweep makes the metastability mechanism visible. As BH increases, the first non-constant
eigenfunction becomes closer to a signed indicator of the left and right wells, and the transition
time

1
T = —
W
grows rapidly. This qualitative picture is summarized in fig. the same spectral trend is shown
more directly in fig.

Stationary-sample estimate of the slow eigenvalue

First non-zero generator eigenvalue Same values on a log scale Slow time scale
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Figure 4.6: Estimated first non-zero generator eigenvalue as a function of the effective barrier SH.
As the barrier increases, A\ approaches zero, meaning that the transition between wells becomes
slower. The middle panel shows the corresponding transition rate —Xl, while the right panel shows
the transition time 1/(—M\1).

4.4 Biased Dynamics

In this section we follow [Devergne et al., 2024] [Kostic et al., |. In the previous example, since
the potential U is explicitly known and the state space is one-dimensional, it is relatively easy to
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generate samples from its Boltzmann distribution

m(dx) = %eiﬁU(‘r) dx.

This allowed us to approximate the covariance and energy matrices directly from samples dis-
tributed according to .

In realistic applications, however, knowing the potential U does not necessarily imply that
samples from 7w can be generated efficiently. For instance, when U contains several metastable
wells separated by high energy barriers, a trajectory following the target dynamics may remain
trapped in one region of the state space for a long time. Consequently, even a large dataset may
contain only a small number of transitions between the relevant metastable states.

A possible strategy is therefore to generate samples from a different distribution 7/, chosen so
that the relevant regions of the state space are explored more efficiently. We assume that

T <K 71",

so that expectations under the target distribution can be recovered from samples distributed ac-
cording to 7’ by importance sampling. More precisely, for every suitable function f,

dm

dn’

Exr[f(X)] =Ex/ww [ (X’)f(X’)] .

Suppose that 7’ is also a Boltzmann distribution at inverse temperature 3, associated with a
modified potential U’:
1 /
7 (dz) = —e PV @ 4y,

Z/
The potential U’ can be written as
U'(z) = Ulx) + V(2),
where V is called the bias potential. The corresponding sampling distribution is therefore

() = %efﬂw(mw da.

The Radon—Nikodym derivative between the target and sampling distributions is then given by

@(l’) A4 - EX’Nﬂ—’ [G'BV(XI)] ’

d 7! BV (z)
T (2) = 2 eBV(@) €

and hence
Ex/mn [eﬁV(X/)f(X,)}

EX’NW’ [eﬁV(Xl)]

Thus, the samples are generated according to 7/, while the importance weights

Exrlf(X)] =

w(zx) = PV ()

allow us to reconstruct quantities defined with respect to the target distribution 7.
The distribution 7’ is the invariant distribution of the biased overdamped Langevin dynamics

dX| = —VU'(X}) dt + /28~ 1 dW,

or, equivalently,
dX] = =V (U + V)(X}) dt + /251 dW;.
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Its infinitesimal generator is
L'f=—(VU+V),Vf) +BIAf
Recalling that the target generator is
Lf=—(VUVf)+ B Af,

we obtain

L'=L—(VV,V()).

Therefore, choosing a different sampling distribution corresponds, at the dynamical level, to
adding a bias potential V' to the original potential. The biased dynamics is used only to generate
data more efficiently, while the importance weights are used to recover the geometry associated
with the original distribution 7 and, consequently, to learn the spectral properties of the original
generator L.

To recover the target dynamics from samples generated by the biased process, we replace the
expectations with respect to m by weighted expectations with respect to 7’. Let z = (21, .. ., zm)T
be a prescribed dictionary of functions and let

w(z) = ePV(@),
Given biased samples z, ..., z},, define

1 n
—Zw )z () 2 (27,)

k=1

3

and . R
Wiy = &L [Vwzi,Vwz] .
For the overdamped Langevin dynamics, the latter is given explicitly by
— 1 &

Wij = > [moah)zi(ai)z (@h) + 871V (Vo) (@) TV (Vi) (ah)]

k=1

These matrices approximate the covariance and energy matrices associated with the original
distribution 7, although the samples were generated from 7’. The resolvent of the target generator
is then estimated by

~ ~

Gy = (W+m1)  C.

Finally, if

~

Gy Vi = V05,
the eigenpairs of the original generator are estimated as
~ 1 ~ T
N=n-=,  Fi@) =5
(2

Thus, the biased dynamics is used to explore the state space, while importance weighting allows us
to recover the spectral information of the unbiased generator.
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